Introduction* Let C and S denote Banach spaces for which CaS*. The pair (S, C) is said to have the property [P] if for any s**eS** there is an seS such that s**(e) = c(s) for every eeC. That is, the canonical map S -> C* is sur jective. Then the canonical map iS/Cj _ -> C* is an isomorphism and it follows that there is some fixed M> 0 such that for any ε > 0, the seS above may be chosen to satisfy ||s|| ^ Λf||s**|| + ε. If M is the smallest constant for which this is true, then (S, C) is said to be an MΉelley pair. This terminology is suggested by the classical theorem of E. Helley (cf. [3] , p. 103) to the effect that (S, C) is a 1-Helley pair whenever C is a finite dimensional subspace of S*. It is shown in Theorem 1 below that such is the case whenever C is reflexive. As a partial converse, if (S, C) has property [P] , then C is reflexive provided that C is also weak* closed. If C is not weak* closed, then (S, G) is merely an lί-Helley pair for some M.
As a consequence of Theorem 2, (S, C) is an ikf-Helley pair for some M if and only if S + C L -S**. There is then a constant K such that for any s**eS**, there is an seS and yeG L for which s ** = g + 2/, ||β|| ^ #11***11, and the infimum of all such K is 1/M. lί S + C 1 is only a closed subspace of S**, then the norm on S/C λ induced by C is compatible with the usual equivalence class norm.
In either case, the closedness of S + C 1 is equivalent to a bounded decomposition property formalized as an "ikf-decomposition" 571 below. This property is exemplified in the well-known theorem to the effect that if W is a Banach space and if X and Y are closed subspaces for which X + Y = W and X Π Y = {0}, then there is an M such that for any weW, there are unique xeX and y eY for which w = x + y and ||g|| <; Λf||w||. When there is no hypothesis on Xf)Y, the uniqueness of x and y is lost, and the classical proof of this theorem seems to break down irreparably. It is shown in Theorem 4 that the existence of an M for which ||g|| <i;Λf||w|| is retained.
Definitions and notation* Let A, B, and C denote Banach spaces for which CdA and .BeA*.
(B, C) is an M-Helley pair if (i) for any α* e A* and for every ε > 0 there is some beB such that a*(c) = b(c) for every ceC, (ii) ||61| ^ Λf||α*|| + ε and (iii) Mis the smallest constant for which this is true.
If S is a Banach space, A = S*, B = S and the conditions (i) through (iii) obtain, then (S, C) is an M-Helley pair where S is identified with its canonical image in S**. Let X and F denote Banach spaces for which Ic7*, and suppose that X is closed in the weak* topology. Then X w * denotes the subspace of X* consisting of those linear functionals on X which are continuous in the relative weak* topology.
Let X and Y denote Banach spaces and let T: X -» Y denote a norm decreasing linear map. T is an M-isomorphism if M is the largest constant for which Λf||α?|| ^ || Tx\\ <; II#11 holds for every xeX.
All other notation, in particular the use of _]_, is consistent with that of [1] .
Main results* THEOREM 1. Let S and C denote Banach spaces for which CcS*.
(
a) If C is reflexive, then (S, C) is a 1-Helley pair.
ON THE THEOREM OF HELLEY (
(b) Suppose that for any s**6S** there is an s e S for which s**(c) = c(s) for all ceC (property [P] above). If C is weak* closed, then C is reflexive and (S, C) is a 1-Helley pair. Otherwise, (S, C) is an M-
The following statements are equivalent.
(a) The canonical map B->C* has closed range (resp. is onto). Proof. Let U denote any strongly closed, convex and bounded subset of C. Since C is reflexive, U is σ(C* 9 C) compact. An application of the Hahn-Banach theorem shows that U is also σ(S**, S*) compact. Then U is compact in the coarser σ(S, S*) topology. Thus, every such U is weak* closed and it follows (cf. p. 141 of [4] ) that C is weak* closed.
THEOREM 4. Let X and Y denote closed subspaces of a Banach space Z. (a) X + Y is closed if and only if [X, Y] is an M-decomposition in Z for
Proof of Theorem 1. (a) By [1] , p. 25, Lemma 1, (S/C λ )* is canonically isometric to Cί, and since Lemma 1 above implies that C = Ci, it follows that (S/CJ** is canonically isometrically isometric to C*. Since C is reflexive, so is S/C x , and it follows that S/C 1 is canonically isometric to C*. It is easily shown that this equivalent to the statement that (S, G) is a 1-Helley pair.
(b) Let V denote the unit ball of C Since V is strongly closed and convex, V is weak 1 * closed relative to C. If C is weak* closed, then V is weak* compact.
Choose yeC*. There is an s** eS** for which s**(e) = y{c) for all ceC.
From the hypothesis there is then an seS for which y(c) = c(s) for all c e C. From this and the weak* compactness of V, it follows that y attains its maximum value on V. Since this holds for every yeC*, it follows from the well-known theorem of R. C. James [2] that C is reflexive.
Without the assumption that C is weak* closed, it is still evident from the hypothesis that the canonical map S -> C* is surjective. The canonical map S/C λ -> C* is then an M-isomorphism for some M, and this is easily seen to imply that (S, C) is an Λf-Helley pair (see Theorem 2). Proof of (ii). Choose α*eA*. From the hypothesis, there is some βeB/BπC 1 for which Tβ = α*/Cand \\β\\ ^ JKΓ" 1 ]^*||. Then, for any ε > 0, there is beβ for which ||61| ^ if^Hα*|| + ε and b/C = α*/C The desired conclusion follows from this. ( Lemma 4, [X, Y] is an ikf-decomposition in W for some M. Then by (a) of this theorem, X + Y is closed.
